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a b s t r a c t
The Randić index R(G) of a graph G is defined by R(G) =∑uv(d(u)d(v))− 12 , where d(u) is
the degree of a vertex u inG and the summation extends over all edges uv ofG. A conjecture
about the Randić index says that for any triangle-free graph G of order n with minimum
degree δ ≥ k ≥ 1, one has R(G) ≥ √k(n− k), where the equality holds if and only if
G = Kk,n−k. In this short note we give a confirmative proof for the conjecture.
© 2009 Elsevier B.V. All rights reserved.
1. Introduction
The Randić index of a graph Gwas introduced by the chemist Milan Randić in 1975, which is defined by
R(G) =
∑
uv
(d(u)d(v))−
1
2 ,
where d(u) is the degree of a vertex u in G and the summation extends over all edges uv of G. This topological index is
suitable for measuring the extent of branching of the carbon-atom skeleton of saturated hydrocarbons. Randić himself
demonstrated [12] that his index is well correlated with a variety of physico-chemical properties of alkanes. Nowadays
the index becomes one of the most popular molecular descriptors to which three books are devoted [5–7].
Bollobás and Erdős [1] gave the sharp lower bound R(G) ≥ √n− 1 for G being a graph of order nwith minimum degree
at least 1. In [3] Fajtlowitcz mentioned that Bollobás and Erdős asked for theminimum value on the Randić index among the
graphswith givenminimumdegree δ. Delorme, Favaron and Rautenbach [2] answered this question for δ = 2 and proposed
a conjecture concerning the minimum value of the index R for all graphs of order nwith minimum degree δ. They also gave
a best possible lower bound for the index R of a triangle-free graph with given lower bound of the minimum degree δ: Let
G be a triangle-free graph of order nwith minimum degree δ ≥ k ≥ 1. Then
R(G) ≥ √k(n− k),
where the equality holds if and only if G = Kk,n−k.
Liu, Lu and Tian [11] pointed out a mistake in the proof of this result, and gave a new proof only for the case when k = 2.
It is proposed as a conjecture by one of the present authors in [7,9,10] as follows:
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Conjecture 1.1. Let G be a triangle-free graph of order n with minimum degree δ ≥ k ≥ 1. Then
R(G) ≥ √k(n− k),
where the equality holds if and only if G = Kk,n−k.
In this paper, we want to prove that Conjecture 1.1 is true, completely solving the conjecture.
2. Main result
The following result was obtained by Favaron et al. in [4], and is need in what follows.
Lemma 2.1 ([4]). For any triangle-free graph G with m edges, we have R(G) ≥ √m.
Now we come to the proof of Conjecture 1.1.
Theorem 2.2. For any triangle-free graph G of order n and minimum degree δ ≥ k ≥ 1, we have
R(G) ≥ √k(n− k).
Equality holds if and only if G = Kk,n−k.
Proof. Letm denote the number of edges of G and let xi,j denote the number of edges uv of Gwith {dG(u), dG(v)} = {i, j}. If
m > k(n − k), then the result follows from Lemma 2.1 and equality is not possible. Hence we may assume m ≤ k(n − k).
Since G is triangle-free, adjacent vertices have disjoint neighborhoods which imply that∆ ≤ n− δ. From Eq. (2.1.13) of [7]
we know that the Randić index can be rewritten as
R = n
2
− 1
2
∑
δ≤i≤j≤∆
(
1√
i
− 1√
j
)2
xi,j
≥ n
2
− 1
2
∑
δ≤i≤j≤n−δ
(
1√
δ
− 1√
n− δ
)2
xi,j
= n
2
− 1
2
(
1√
δ
− 1√
n− δ
)2 ∑
δ≤i≤j≤n−δ
xi,j
= n
2
− m
2
(
1√
δ
− 1√
n− δ
)2
≥ n
2
− k(n− k)
2
(
1√
δ
− 1√
n− δ
)2
≥ n
2
− k(n− k)
2
(
1√
k
− 1√
n− k
)2
= √k(n− k).
In the above inequality chain equality holds throughout if and only if m = k(n − k) = xk,n−k, which immediately implies
that G = Kk,n−k. 
Remark. Li, Liu and Liu [8] completely solved the problem for the minimum value on the Randić index for the graphs with
given minimum degree δ. Theorem 2.2 in the present paper completely solves the conjecture for graphs without triangles.
Up until now, the conjectures proposed in [2] have been completely solved.
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